Orbits in uniform hypergraphs  by Delandtsheer, Anne
Discrete Mathematics 61 (1986) 317-319 
North-Holland 
317 
COMMUNICAT ION 
ORBITS IN UNIFORM HYPERGRAPHS 
Anne DELANDTSHEER 
Universit6 Libre de BruxeUes, Campus Plaine, C.P. 216, B-1050 BruxeUes, Belgium 
Communicated byJ. Doyen 
Received 6 March 1986 
Given two integers ~r > 0 and fl >I 0, we prove that there exists a finite k-uniform hypergraph 
(resp. a finite connected k-uniform hypergraph) whose automorphism group has exactly ~r 
point orbits and fl block orbits if and only if :r ~< kfl + 1 (resp. :r ~< (k - 1)fl + 1). 
1. Introduction 
A hypergraph H is a nonempty set of points provided with a collection of sub- 
sets called blocks. An edge of H is any set of two points contained in a block of H. 
The underlying raph of H is the graph G(H) whose points and edges are those of 
H. H is called connected iff G(H) is connected. H is k-uniform iff all the blocks of 
H have the same size k >I 2. In this paper, all hypergraphs are assumed to be 
finite, i.e., to have a finite number of points. 
Given two integers ~r>0 and fl~>0, the ordered pair (~r, fl) is called 
k-realizable (resp. connectedly k-realizable) if and only if there exists a k-uniform 
hypergraph (resp. a connected k-uniform hypergraph) Hk whose automorphism 
group Aut Ilk has exactly ~r orbits on the point set and fl orbits on the block set. 
Hk is then called a Qr, fl)k-hypergraph. 
The set Rk of all k-realizable pairs and the set Ck of all connectedly k-realizable 
pairs were determined by Buset for k = 2 [1]. Katona having raised the problem 
for k = 3, we shall prove the following two theorems. 
Theorem 1. (~t, fl) ~ Rk if and only if i <~ ~ <~ kfl + 1. 
Theorem 2. (~, fl) eCk if and only ill ~r~(k -  l)fl + I. 
2. The necessary conditions 
(i) Let Hk be a k-uniform hypergraph. Since any block of Hk contains exactly 
k points, a block orbit determines at most k point orbits. On the other hand, the 
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isolated points of Hk (i.e., those belonging to no block) form at most one orbit of 
Aut Hk. Therefore ~ ~< kfl + 1. 
(ii) Now let Hk be a connected k-uniform hypergraph. Consider the hyper- 
graph H whose points are the ~r point orbits of Aut Hk and in which a set B of 
point orbits is a block if and only if there is a block Bk of Hk such that every point 
of Bk belongs to an element of B and every element of B has a point in Bk. H is 
dearly a connected hypergraph on ~r points, all of whose blocks have size ~<k, so 
that ~ ~< b(k -  1)+ 1, where b denotes the number of blocks of H. Since two 
blocks of Hk corresponding to two distinct blocks of H are necessarily in two 
distinct block orbits of Aut Hk, we have b <~ fl and so :r ~< (k - 1)fl + 1. 
3. The sufficient conditions 
Step 1. (1, r) ~ Ck for every fl/> 0. 
The trivial hypergraph having a unique point and no block shows that 
(1, 0) e Ck. We now assume that fl I> 1. 
Let n = 3fl + 3k -  5 and let Z~ = {0, 1 , . . . ,  n -  1} be the additive group of 
integers modulo n. We shall denote by Hk(1, r) the k-uniform hypergraph whose 
points are the elements of Zn and whose blocks are the subsets 
B( i , j )=  {i,i + 1, . . .  , i  +k-2 ,  i +k-2+j}  
of Z,,, where i, j e Z,, and 1 ~< j ~< ft. The permutation Zn ~ Z~ : x ~ x + 1 is clearly 
an automorphism of Hk(1, fl), and so there is only one orbit on points. 
A set T of 3 points such that any 2-subset of T is an edge of Hk(1, r) will be 
called a triangle; the edges of T will be the edges of Hk(1, r) contained in T. The 
number ti of triangles having at least one edge in B (0, j) is the sum of the number 
of triangles having at least one edge in {0, 1 , . . . ,  k - 2} and of the number 
(2fl + k- j ) (k -  1) -½(k  +4) (k -  1) 
of triangles containing the point k -  2 + j and a point of {0, 1 , . . . ,  k -  2} but 
having no edge in {0, 1 , . . . ,  k - 2}. Since distinct values of j give distinct values 
of tj and since B(i, j) is in the same orbit as B(0, j) for any i e Z~, the group 
Aut Hk(1, r) has exactly fl block orbits. 
Step 2. (~r, 1) e Ck whenever 1 <~ ~ <~ k. 
Let n l, • • • , nk be positive integers, exactly ~r of them being pairwise distinct, 
and let $1 , . . . ,  Sk be k pairwise disjoint sets of cardinality n l , . . .  , nk 
respectively. The hypergraph whose points are those of $1 t.J- -- U Sk and whose 
blocks are the k-sets containing exactly one point of each Si has exactly ~r point 
orbits and one block orbit. Note that, by varying the choice of the integers 
nl, . . . ,  nk, we can get as many pairwise nonisomorphic (~, 1)k-hypergraphs a  
we wish. 
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Step 3. (at, fl) E Rk whenever 1 ~< at ~< kfl + 1. 
The k-uniform hypergraphs whose connected components are as described in 
Step 2 satisfy 1 ~f l  ~< at ~ kfl and conversely all pairs (Jr, fl) satisfying these 
inequalities can be realized in this way. In order to get a (kfl + 1, fl)k-hypergraph, 
it suffices to add an isolated point to such a (k/3, fl)k-hypergraph. 
By Step 1, it remains to show how to construct a (at,/~)k-hypergraph for 
2<~at</$. Let a t - l=qk+r ,  where q is a nonnegative integer and re  
{1 , . . . ,  k}. Any hypergraph whose connected components are Hk(1, fl -- q -- 1), 
one (r, 1)k-hypergraph and q pairwise nonisomorphic (k, 1)k-hypergraphs as in 
Step 2 has exactly at point orbits and fl block orbits, and Theorem 1 is proved. 
Step 4. (at, fl) e Ck whenever 1 ~< at <~ (k - 1)fl + 1. 
By Step 1 and by the result of Buset [1], we may assume at 1> 2 and k t> 3. Let 
at' = at - 1 and fl' = ft. Then 1 <~ at' ~< (k - 1)fl' and, as shown in Step 3, there 
exists a (at', fl ')k_l-hypergraph Hk-1 without any isolated point. Let H~_I be a 
disjoint copy of Hk-~. The hypergraph whose points are those of Hk-X t.J H'k-~, 
together with an additional point 0% and whose blocks are obtained by adding the 
point oo to every block of Hk-1 and H~-I,  is a connected (:r' + 1, fl)k-hypergraph, 
and Theorem 2 is proved. [] 
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